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ABSTRACT

The Biquandle Bracket is a generalization of the Jones Polynomial. In this paper, we
outline a Khovanov Homology-style construction which generalizes Khovanov Homology
and attempts to categorify the Biquandle Bracket. The Biquandle Bracket is not always
recoverable from our construction, so this is not a true categorification. However, this
deficiency leads to a new invariant: a canonical biquandle 2-cocycle associated to a
biquandle bracket.
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1. Introduction

Khovanov homology is a link invariant which categorifies the Jones polynomial.
The values of this invariant are not polynomials, but rather sequences of modules
obtained from the cohomology of a certain cochain complex. Khovanov homology
categorifies the Jones polynomial because, when a particular quantity (the graded
Euler characteristic) is measured from the sequence of modules in the value of the
invariant, one recovers the Jones polynomial. For more details and a construction
of Khovanov homology, see [7] or [I].

Biquandles are a type of algebraic structure whose axioms parallel the Reide-
meister moves of knot theory. Because of this, biquandles are the basis for many
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invariants of knots and links. In particular, the biquandle counting invariant is
simply the number of ways to color a link diagram with elements of a biquandle
so that relationships between colors at crossings are satisfied. In [§], Sam Nelson
et al. introduced an enhancement of the biquandle counting invariant, called the
biquandle bracket. This is a type of skein relation depending on biquandle colorings.
A biquandle 2-cocycle is another type of function on a biquandle that can be used
to define a link invariant, arising from cohomology theory.

Biquandle brackets generalize the Jones polynomial in a natural way. In [§],
Nelson et al. asked whether a Khovanov homology-style categorification of the bi-
quandle bracket is possible. Herein, we provide a construction of what seems (to
the authors) to be the most natural step from Khovanov homology toward a cat-
egorification of biquandle brackets. The invariant we obtain generalizes Khovanov
homology, but it is not a true categorification of all biquandle brackets: in some
cases, the biquandle bracket cannot be recovered from our invariant via the graded
Euler characteristic.

Nevertheless, the invariant does lead to a way of assigning a biquandle 2-cocycle
to any given biquandle bracket, and the relationship and power of the invariant asso-
ciated with this new biquandle 2-cocycle may be of interest. To this end, we provide
some Mathematica packages that can be used to do experimentations with biquan-
dles, biquandle brackets, and biquandle 2-cocycles, including this new canonical
biquandle 2-cocycle associated with a biquandle bracket.

This paper is structured as follows. In Sec. 2] we review definitions which we will
require for our results, including the definition of biquandles, biquandle brackets and
biquandle 2-cocycles. In Sec. [B] we present the construction of our new invariant,
which we call “biquandle bracket homology,” and we provide a proof of its invariance
as well as an explanation of the canonical 2-cocycle associated with a biquandle
bracket. At the end of Sec. Bl we also provide an example computation of the
biquandle bracket homology which helps clarify the definitions and statements of
the paper. Section [ provides some questions for further inquiry.

This work has been done as a part of the undergraduate research program
“Knots and Graphs” at the Ohio State University, during the summer of 2019. It
is a continuation of work done in the same program during the summer of 2018
in [6]. We are grateful to the OSU Honors Program Research Fund and to the
NSF-DMS #1547357 RTG grant: Algebraic Topology and Its Applications for fi-
nancial support. In addition, we are grateful to our advisor, Sergei Chmutov, for his
help.

2. Preliminaries

To establish our notation and introduce the topics, we provide the following defini-
tions. We follow the notation and conventions in [§]. These preliminaries can also
be found in the previous work [6].
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2.1. Biquandles

Definition 1. A biquandle is a set X with two binary operations >, > such that
Vr,y,z € X,

(i) 2> =zDx
(i) The maps ay(z) = 2By, By(z) = 2>y, and S(z,y) = (y>x,z>y) are in-
vertible.
(iii) The following exchange laws are satisfied:

(2y)>(ey) = (2> 2) =(y > 2),
(z>y)B(z>y) = (2B 2) >(y > 2),
(@B yY) (DY) = (2> 2)B(y>2).

If x>y = « for all x,y € X, then X is called a quandle. When there is no
danger of confusion, we will write the biquandle (X, >, >) simply as X.

Remark 1. If X is a finite biquandle, we can represent all of the information about
it in two operation tables. Fix some ordering on the elements of X and label them
with the integers 1 through n (where n is the size of X). Then the operation table
for > is an n X n matrix of integers in {1,...,n}, and the (4, j) entry of this matrix
is ¢ > j. The operation table for T is defined similarly. For example, the following
operation tables represent a biquandle on three elements.

2 1 2 3 3 3

>: (1 3 3| B>:|2 2 2f.
3 21 1 1 1

The conditions in the biquandle definition are analogous to the Reidemeister

moves in knot theory when we interpret z >y as “x passing under y” and x> y as
“r passing over y” in the following way:

ay

\\ >y x / ysx

Fix a biquandle X. An X-coloring of an oriented knot (or link) diagram L is
an assignment of an element of X to each arc in the diagram such that the above
relationships hold at each crossing. Then the biquandle axioms are precisely what
is required for the X-coloring to be preserved as Reidemeister moves are performed
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on the diagram. For this reason, the number of X-colorings of a diagram is a link
invariant, called the biquandle counting invariant, and denoted ®% (L).

2.2. Biquandle brackets

In [8], an enhancement of the biquandle counting invariant is introduced. For each
X-coloring of D, one can perform a smoothing operation similar to the construction
in the Kauffman bracket, but this time keeping track of the colorings at each crossing

N\
VAN

X

where for each z,y € X, A, and B, , are invertible elements of some commu-

as follows:

= A”-?/ + Blr,y

@
<

> C O«

tative ring with unity R. Additionally, the removal of a circle with no crossings
should correspond to multiplication by some element § € R, and to correct for the
additional states generated by kinks (from the first Reidemeister move), a writhe
factor should be included, which can simply be an appropriate power of some ele-
ment w € R*. For the bracket to be an invariant of an X-colored link, it should
not change when Reidemeister moves are applied and the X-coloring is updated
correspondingly. Below are the conditions that must be satisfied by A, B, ¢, and w
for this to be true. For more details, see [g].

Definition 2. A biquandle bracket on a biquandle X with values in commutative
ring (with unity) R is a pair of maps A, B : X x X — R* and two distinguished
elements § € R,w € R* which satisfy the following conditions.

(i) Forall z € X, w=—A2 B, ..
(ii) Forall z,y € X, 6 = —A, 4By, — A, Bey.
(iii) For all z,y,z € X, all of the following equations hold.

Ax,yAy,ZAwa,zgy = AI,ZAySw,zS;EAxEZ»yEZ7

Ax,yBy»ZBwa,zEy - BI-,ZBySw,ZSwAOCEZJJEZ?
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Bw,yAy,zBmEy7zSy = Bw,szSm,szBmEz,yEza
A%Z/Ay»szEm,zSy = Al»ZBySw,zSzAizzvyEZ

+ A%ZAySw,szBJEEZ»yEZ
+ (;A%ZBySm,szBJEEZJ/EZ

+ BJE»ZByEm,ZEmBIEZJ/EZ’

BLZAySw,zS;EAIEZJ/EZ = B%Z/Ay»ZAmEy,zSy + Aﬂﬂ»yBlthmEy,zSy

+0ByyBy Ay 5y + BayBy,-B

rD>y,zDy"

Note that we denote A(z,y) and B(z,y) by A, and B, . Additionally, since ¢
and w are determined by the maps A and B, we will generally denote a biquandle
bracket simply by the pair § = (A, B). Finally, if 8 is a biquandle bracket on a
biquandle X taking values in R, then we say ( is an X -bracket.

If f is a coloring of an oriented link, the value of the biquandle bracket 8 on f
is denoted B(f).

Example 1. Here is a computation of the value of 5(f) for a coloring f (shown
at the top-left corner) of the trefoil knot:

g%l @ O
B"ﬁ A:jz Az.z B":} B':P—A'LX
@ O
O NG
AX_\’A:"L R AXS Bﬂ’- AIX Bngm_Bw‘ Bxy an Bu
&
A’f’ A“JLB’D( Axn 837_87_,(

+0Bu,yAy Az e +02ByyBy 2 Az
B(f) =w 36244 yAy 2 Az s +6A5 yBy 2 Az s +0°ByyAy :Bsy +0°ByyBy :Bs o
+0AzyAy 2Bz e +02Ag yBy 2Bz

The oriented link invariant corresponding to 3, denoted (bff(L) simply
the multiset of all biquandle bracket values, one for each X-coloring of the
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diagram:
@i(L) = {B(f) : f is an X-coloring of L}.

Note that @f((L) is an enhancement of the biquandle counting invariant ®% (L)
because the counting invariant is simply the cardinality of this multiset.

Remark 2. If X is finite and we fix an ordering X = {x1,...,2,}, we can encap-
sulate all of the information about a biquandle bracket in a presentation matrix.
This is an n by 2n matrix M over R with entries M, ; = Ami,xj and M; yj = By, o,
fori,j € {1,2,...,n}.

Example 2. Let X be the biquandle given by the following operation table.

SEY

This biquandle’s operations simply flip the left operand, regardless of the right
operand. Thus, in any X-colored link diagram, if one follows a particular strand,
the color will alternate at every crossing. Let R = (Z/2Z)[t]/(1 +t + t3). Then the
following presentation matrix defines an X-bracket.

1 14+t

t t4¢2
1482 1 '

1 t

This biquandle bracket was found in [§].

Example 3. Let X be any biquandle, and let R be any commutative ring. If
Ay y =aand By = b for all z,y € X and some a,b € R*, then the X-bracket
(A, B) is called a “constant” biquandle bracket (the reader should verify that this
does indeed define an X-bracket). In general, the value of a biquandle bracket on
links is unchanged when all values of A, , and B, , are scaled by a common factor of
R* (see [8]). So, dividing through by b, the above bracket gives the same invariant
as the bracket A, , = ¢, By, = 1 for all 7,y € X. By considering the maps A4, B
as instead taking values in R[(%)*!/?] 2
divide everything through by ¢ to yield the equivalent bracket (when treated over
R[(2)*Y/2]), Ay = q, Byy = ¢! for all 2,y € X. Now, for any particular X-
coloring of a link, the value of this bracket is evidently the Jones polynomial of the
link, which is a Laurent polynomial in the variable ¢?. Hence the invariant itself
still takes values in R rather than R[(%)®'/2]. Therefore, the value of a constant
biquandle bracket (with A, , = a and B, , = b) is a multiset containing the Jones
polynomial evaluated at 7, and it contains this value with multiplicity equal to the
number of X-colorings of the link.

Note in the above construction that we only obtain the value of the Jones

, we can make the substitution ¢> = ¢ and

polynomial evaluated at ¢ € R. If we want to retain the full power of the Jones
polynomial, we can take R = Z[t,t~!] and take q = t.
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2.3. Biquandle 2-cocycles

Next, we define a biquandle 2-cocycle following the notation of [§].

Definition 3. Let X be a biquandle, and let G be an abelian group (written
multiplicatively here). A function ¢ : X x X — G is a biguandle 2-cocycle if, for all
x,y,z € X, we have

(i) oz, ) =1,
(i) ¢(z,y) - ¢y, 2) - d(x2y, 2By) = d(x,2) - py >z, 2B 1) - (x> 2,y > 2).

A 2-cocycle ¢ can be used to define the biquandle 2-cocycle invariant, as seen
in [2]. Namely, for each X-coloring of a link, compute the value

[1¢@r v,

where 7 ranges across all crossings in the colored link, ¢(7) is the sign (either +1
or —1) of 7, and z,,y, are the biquandle colors of the arcs on the left side of the
crossing when it is oriented so that strands point downwards, following a similar
convention to the biquandle bracket above. The value of the biquandle 2-cocycle
invariant associated to ¢ is then the multiset of all such values, one for each X-
coloring of the link.

Remark 3. Again if X is finite, we construct a presentation matrix for a co-
cycle in the same fashion as with the biquandle brackets; fixing the ordering
X = {x1,...,2z,}, the presentation matrix P for a cocycle is an n X n matrix
over A with entries P; ; = ¢(x;, ;).

Example 4. Let X be the biquandle described in Example 2l above. Let A be the
free abelian group on two symbols, a and b. Then the following presentation matrix
defines a biquandle 2-cocycle ¢ : X x X — A.

1 a
b 1

The invariant corresponding to ¢ is trivial on all knots (single-component links). In

)

fact, more is true: for any X-colored knot diagram, at any crossing 7, we have x, =
yr (so that ¢(z,,y,) = 1). Additionally, for a two-component link, the invariant
corresponding to ¢ is the multiset {1, 1, (ab)’, (ab)’}, where £ is the linking number
of the two components of the link. For a proof of these facts, see [6l, Example 3].

3. Biquandle Bracket Homology

We now present the construction of a Khovanov homology-style invariant of links
based on Khovanov’s original construction in [7].
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3.1. Group-graded modules and complexes

Khovanov’s original construction involves taking the homology of chain complexes
of Z-graded modules. Calculating the graded Euler characteristic of these ho-
mologies yields the Jones polynomial in a variable g, where ¢ is the genera-
tor of Z, and the additive structure of Z is written multiplicatively (i.e. Z =
{...,¢72%,¢1,1,q,¢%,...}). With the aim of obtaining the biquandle bracket as
the graded Euler characteristic of a homology invariant, we need to extend our
grading from Z to an arbitrary abelian group.

Definition 4. If H is an abelian group, an H-graded ring is a ring S which can
be decomposed as a direct sum

S=EP s
heH

of additive groups, such that S35}, C Sgp, for any g, h € H.

Definition 5. If H is a group and S is an H-graded commutative ring, an H -graded
S-module is an S-module M which can be decomposed as a direct sum

M= My,

heH

of additive groups (not necessarily S-modules), such that S,M;, C Mg, for any
g,h e H.If a € M\ {0}, we say a has well defined degree if a € M}, for some h. In
this case we say a has degree h, and write deg(a) = h.

Note that if S is an H-graded commutative ring, then S is also an H-graded
S-module, with the H-grading given by S = € Sj,. Also note that direct sums and
tensor products of H-graded S-modules are still H-graded S-modules. Indeed, if
we have

M:@Mh and N:@Nh,

heH heH

then the direct sum can be written as

M &N = P My, & Ny,
heH

so an H-grading can be given by (M @ N); = My, @ Np. Also, the tensor product
can be written as

M®N:@ @(MQQ@ZNf)/(sm@n—m@sn:seS,mqu,nENf>
heH \ gf=h
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and an H-grading can be given by
(M@N), = @(Mq(@sz)/(sm@n—m@sn:seS,mEMq,neNf>.
gf=h

To see why the tensor product takes precisely this form, see [5].

Remark 4. If S is an H-graded ring, and ¢ : H — G is a group homomorphism,
then S is a G-graded ring with

=@ @ s

9€G \h€p=({g})
Similarly if M is an H-graded S-module, then M is a G-graded S-module with

V=@ @

9€G \hep~1({g})

Thus if L < H, M is naturally an H/L-graded S-module via the projection map.

Definition 6. If M = @, ;; M}, is an H-graded S-module, the graded dimension
of M is

gdim(M) = Z ranky (Mp,) - h.
heH

This is a (possibly infinite) formal sum of group elements with coefficients in Z>oU
{oo}-

Note that direct sums of H-graded S-modules satisfy the following graded di-
mension equation:

gdim(M & N) = gdim(M) + gdim(N).
Also, if M and N are free S-modules with finite S-rank, having S-bases (m;)~_;

and (nj)ﬁzl, respectively, and if deg(m;) = h; and deg(n;) = g; for all ¢ and j,
then

kot
gdim(M ® N) = gdim(S Z Z hig;.
i=1 j=1

Definition 7. If M is an H-graded S-module, we can shift the grading of M by
an element h € H and obtain a new H-graded S-module M{h}. The underlying
module structure is the same, but if a € M has degree g, then the same element
a € M{h} has degree hg. If }, ., h is a formal sum of group elements, for some
subset I C H, we define M{>, , h} = @, c; M{h}.

Definition 8. A cochain compler of H-graded S-modules is a sequence C' =
(C%)ez of H-graded S-modules along with differentials d* : C* — C**! such that
d*lod = 0 for all i € Z. We say that the differentials are degree-preserving if
deg(d*(a)) = h whenever deg(a) = h.

2250052-9



A. Vengal & V. Winstein

Definition 9. Suppose (C,d) is a cochain complex of H-graded S-modules with
degree-preserving differentials. Then the cohomology sequence of (C,d) is the se-
quence H(C) = (H%);ez, where

H' = ker(d")/im(d" ).
Note that each H® is again an H-graded S-module, with grading given by
(H')n = (ker(d"))n/ (im(d"™"))n.

This makes sense when d is degree-preserving since (ker(d'));, D (im(d"~1))y, so we
have the following decomposition:

M’ =ker(d')/im(d"~") = €D (kex(d'))n/(im(d"~"))n.
heH
Definition 10. If C = (C%);cz is a sequence of H-graded S-modules, the graded
Euler characteristic of C' is

X(C) = (=1 gdim(C").
i€EL
Note that if the differentials of a cochain complex C are degree-preserving,
then the Euler characteristic of the cohomology sequence is the same as the Euler
characteristic of the original complex: x(C) = x(H(C)). This is shown in [4] for
ungraded complexes, and the proof can be extended to this setting since, when
the differentials are degree preserving, the cochain complex and the cohomology
sequence both decompose as graded direct sums of ungraded sequences of modules.

Definition 11. If C = (C%);cz is a cochain complex of H-graded S-modules, we
can shift the index of C by an integer j and obtain a new cochain complex C[j].
Again, the underlying complex structure is the same aside from this shift, we simply
have C[j]* = C?~7, and the differential maps are shifted accordingly.

We will also use the notation C{h} to denote a cochain complex derived from
C by shifting the grading of each H-graded S-module in C' by the element h € H.
That is, if C = (C%)iez, then C{h} = (C*{h})icz. So {h} always corresponds to
a shift of the H-grading by the group element h, and [j] always corresponds to a
shift of the index of the complex by the integer j.

Note that for any complex C' and any h € H and j € Z, we have
X(Cll{R}) = (1)’ hx(C).

Remark 5. Suppose H is a subset of R*, the group of units in some commutative
unital ring R, and suppose we have a finite formal sum of elements of H, i.e. a sum

of the form
>
heH
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where each nj, is an integer and only finitely many of them are nonzero. Then we
can evaluate this formal sum to obtain the following element of R:

Z t(np)h,
heH

where ¢ : Z — R is the ring homomorphism which sends 1 € Z to 1 € R.

3.2. The ring S and the algebra M

Throughout the rest of the paper, let X be a fixed biquandle with a distinguished
element x, and let R be a fixed commutative ring. Also let § = (4, B) be a fixed
X-bracket taking values in R, which will be the basis for our construction.

For each x,y € X, let

qz,y = 7A;,;Br,y
and let ¢ = gx,,z,- Let G be the group generated by the elements q;_éq of R*:
Gz(q&ﬂq:x,yEX} < R*.

Finally, let S be the R* graded group algebra Z[G], with the R*-grading given by
deg(g) =g for all g € G.

Now let M be the R*-graded S-module S[t]/(t?) with the additional grading
given by deg(1) = ¢ and deg(t) = ¢~ !. This means that, for example, the element
gt € M has degree gg~ !, while the element g € M has degree gq. M is a Frobenius
algebra with the following multiplication and comultiplication operations:

m: MM — M,
m:1®1—1, 1®t—t,
t@1lt, tete 0.

A:M—MeM,
Al 1t+t®1, t—tet.

Both of these operations are “degree-lowering,” in the sense that the degree of the
image of an element is ¢! times the degree of the element in the domain.

The ring S and the algebra M are analogous (and will play the same roles) as
the Z-graded ring R = Z[c| and the Z-graded R-algebra A = R[X]/(X?) of [7].
As we will see, however, in the case of a general biquandle, the ring S is more
complicated than the ring R of [7]. This complication is what leads to the failure of
the cohomology invariant presented here to truly categorify the biquandle bracket.

3.3. Construction of the cohomology invariant

We are now ready to present the construction of the link invariant. Suppose f is
an X-coloring of an oriented link L. Perform smoothings as in the construction of

2250052-11
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the biquandle bracket link invariant (recall the image from Example [Il, which has
been replicated below):

N

.
& g

0

Bx:j ASIA“ B":ﬁ B‘:P-A—zx
& X
O ON®
A)Q’A:"L Y>3 Axg Bgz Aax BX‘_‘jA:jz.Bzx 8"3 B:j’- BYX
C% gb
A“.‘} FBax Ax:j B))LBLX

There will be 2™ smoothings in total, where n is the number of crossings in the
link diagram. We arrange these smoothings as the vertices of an n-dimensional cube,
ordered from left to right by the number of horizontal splittings on positive cross-
ings (those contributing a B, , factor) and vertical splittings on negative crossings
(those contributing an ij/ factor). Note that we're still using the convention of
orienting crossings so the strands point downwards when determining vertical and
horizontal.

Now replace each circle in each smoothing with a copy of M and tensor adjacent
copies together. Shift the R*-grading of each resultant S-module by the coefficient
extracted by the smoothing, as follows:

M MM
{_Bm,?/Ay-,zAZ,m} {Bm,yBy.zAz,'J:}

MM M MM MRMSM
{Az,yAy,zAz 2} {=Az,yBy Az} {Bz,yAy,zBz 2} {=Bas,yBy,2Bz .}
M MM

{*Az,yAy,sz,z} {Am,yBy,sz,w}

2250052-12
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Next, we add maps in between the modules to form a cube. The maps are
derived from the Frobenius algebra structure on M, which mimics the data of a
topological quantum field theory. Thus, if we’d like to form a map M @ M — M,
we’ll use the multiplication map m, and if we’d like to form a map M — M ® M,
we’ll use the comultiplication map A.

If two smoothings differ by how a single crossing was split, then the multipli-
cation and comultiplication maps should be applied to the tensor factors of M
involved in a cobordism between the two corresponding smoothings. For example,
the upper rightmost map in the following diagram is applied to the tensor factors
corresponding with the cobordism taking the circle at the bottom of the top-right
smoothing to the pair of circles at the bottom of the right-most smoothing of the
link diagram.

Each map must be augmented by multiplication by a particular element of G so
that the end result will be a cochain complex with degree-preserving differentials.
The element of G to be multiplied is simply ¢ multiplied by the quotient of the
shift applied to the domain over the shift applied to the codomain. Thus if a map
corresponds to switching how a crossing colored by z and y was split, then the map
must be multiplied by gq, ?1/

Due to the commutation relations involving m and A (see [7]), and the fact
that these are S-module homomorphisms, this yields a cube with commutative
faces. But we will be summing the modules along the columns, and we’d like a
cochain complex, so we need the faces of the cube to be anti-commutative. This
is why some of the maps in the following image have minus signs. For a detailed
explanation of the position of the minus signs, see [Il Sec. 3.2].

M M®M
{=Bz,yAy,zAz,2} _

—
qqule {Bz,yBy,zAz,a}

—1
— qq, 3, A
7qqz,.1nA @,y

qq;,,lym qq;kA
M®M M M®M MMM
A Ay, 2Az 4 _ —Ag yB Az x By, yA Bz ; — —Bg,yB B
{Az,yAy,zA2,2} ‘I‘Iy,lz"" {-A2,yBy,z Az} {Ba,yAy,zBz,2} *‘l‘ly‘le {=Ba,yBy,2Bz,x}

295 58

ﬂzqz’éA
qq;}UA

M M@M
——
{—Az,yAy,2Bz,2} qay LA {Az,yBy,2Bz,z}

Now take the direct sum of the modules and maps along the columns to obtain
a sequence éﬁ (f) of R*-graded S-modules with maps between them. This in fact
constitutes a cochain complex because the faces of the cube are anti-commutative.
Each element in each module will have two images in each target space under the
double-differential map, corresponding to the two different ways to get around the
square between the domain and target. And these images will cancel out, leading
to dtlod =0.
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MM
{-Baz yAy 2 Az} {Bz, yBy,z Az, x}

//\

MM M®M MMM
—_— —_—
{Az,yAy,z Az o} {—Az yBy zAz,2} {B:L yAy,zBz a} {—Baz,yBy,zBz,z}

M®M
{-Az yAysz @} {Az,yBy,zBz,z}

d0 al d2

égvm C'};m éf;v(f) é?;m

Now we must apply a shift to account for the writhe of the original link. Let
n4 be the number of positive crossings in L and let n_ be the number of negative
crossings. Recall that w = — A2 € R*. So define C3(f) to be the following

Z0,T0 $0 Zo
shifted cochain complex:

Cs(f) = Co(N)[=n-J{(=1)"-w"=""+}.

Finally, take the cohomology of Cs(f) to obtain a sequence Hg(f) = H(Cs(f))
of R*-graded S-modules. This is an invariant of X-colored oriented links f. If we
want to start with an uncolored oriented link we must consider all X-colorings
simultaneously as follows:

Bhg(L) = {Hp(f) : f is an X-coloring of L}.

The quantity Bhg(L) is an invariant of oriented links L. This will be proven in the
next section.

Remark 6. For the rest of this remark let H = (A, 4, —Bgy : ¢,y € X) < R*.
Though we’ve been considering each C’g(f) to be R*-graded, each Cg (f) actually
has no nonzero elements of degree r for » ¢ H. To see this, first note that ¢, =

—B.y A, € H,s0 G = (¢, ,q : x,y € X) < H. Thus S = Z[G] has no nonzero
elements of degree r for r ¢ H, and so S = Z[G] is actually an H-graded ring.
M = S[t]/(t?) with deg(1),deg(t) € H, so then M is an H-graded S-module. Thus
any tensor power of M is an H-graded S-module. Next, C’Ig"’ (f) is a tensor power
of M, with degree shifted by

( n w™- T+ H Az,. un H Bz,. .

- Ai’g;()—2n+< B$0710 n+_n7 HAwrﬁl/ﬂ' H<_Bwryyr)_1 € H7

T+ T—

where 74 (respectively, 7_) ranges over all positive (respectively, negative) crossings
of the diagram, and x ., y, are the colors of the strands at the crossing. Thus C’g’ (f)
is an H-graded S-module. By way of induction, suppose that each of the direct
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summands of Cg are H-graded S-modules. Then each of the direct summands of
C’;;H( f) is a tensor power of M with degree shifted by —B, ,A;} multiplied by
the degree shift of one of the direct summands of C’g (f). Since this shift is in
H, the direct summands of Cg“(f) are H-graded S-modules. Hence (CéC (f) isa
cochain complex of H-graded S-modules, and so Hg(f) is a sequence of H-graded

S-modules.

Example 5. When we take 8 to be any constant biquandle bracket as in Exam-
ple Bl we have ¢, , = ¢ for all z,y € X. Suppose we also started with R = Z[t, 7]
and g =t so that the biquandle bracket value is the same as the Jones polynomial.
Since the value of 5 on any link doesn’t change upon multiplying each A, , and B, 4
by the same constant [8], we may assume A, , =1 and B, , = —¢ for all z,y € X.
Then, using remark[@ (A, ,, =By : 2,y € X) = (q) = Z, so Hp(f) is a sequence of
Z-graded Z-modules. Thus, as can be seen by following Khovanov’s construction [7]
or Bar—Natan’s paper [I], Hg(f) is the Khovanov homology invariant of L, denoted
Kh(L).

Now, if instead of Z[t,t~!] we had started with some other ring R, the biquandle
bracket value is the Jones polynomial evaluated at ¢. If ¢ is a torsion element of
R*, then we will not recover the full Kh(L). Indeed, let k¥ € N be minimal such that
q" = 1. Then Hp(f) is Kh(L) considered as a Z/kZ-graded Z-module, as described
in Remark [ Since Kh(L) is an invariant of links L, the object we obtain will still
be invariant of links.

Also, since 8 is a constant biquandle bracket, Hg(f) will not depend on the
coloring f of L, only the link itself. So Bhg(L) is a multiset containing a quotient of
Kh(L) with multiplicity equal to the number of X-colorings of L. This shows that
Bhg(L) is an invariant of links when S is a constant biquandle bracket.

Remark 7. Bhg(L) is not a true categorification of the biquandle bracket invariant
<I>§( (L) in the sense that Kh(L) is a categorification of the Jones polynomial. This
is because the Euler characteristic of Bhg(L) is actually gdim(S) - @i(L) (this is
a slight abuse of notation, since the Euler characteristic of Bhg(L) is a multiset of
formal sums, this @f((L) is actually a multiset of finite formal sums that give the
usual @é’; (L) when evaluated as in Remark [Bl). Note that gdim(.S) is a formal sum
of the elements of G.

If G is the trivial group, then gdim(S) = 1 and @f((L) can be recovered from
Bhg(L). However, if |G| > 1, then for any g € G we have g-gdim(S) = gdim(S), and
so the factor of gdim(.S) cannot be cancelled from the graded Euler characteristic.

Note that |G| = 1if and only if ¢ = g, ,, for all z,y € X, and in [0] this was shown
to be the case if and only if 3 is the product of a constant bracket and a 2-cocycle.
If |G| > 1, one can still ask how much information about the biquandle bracket is
retained in the Euler characteristic of Bhg(L). These questions are strongly related
to questions about the canonical biquandle 2-cocycle associated with a biquandle
bracket, which will be discussed in Sec. 3.4.
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3.4. Proof of invariance and the canonical 2-cocycle

To prove that Bhg(L) is an invariant of oriented links L it is sufficient to prove
that Hg(f) is an invariant of X-colored oriented links f. For this, we will actually
prove that Hg(f) is isomorphic to a shift of a quotient of Kh(L), the original
Khovanov homology invariant of L. The shift itself turns out to be an invariant of
X-colored links, and it is obtained from a particular biquandle 2-cocycle. In this
way, it becomes possible to canonically assign a biquandle 2-cocycle to an biquandle
bracket. First we need a lemma.

Lemma 1. Let H,G be abelian groups with Z[G] an H-graded ring. Suppose also
that each g € G has well-defined degree. Let M be an H -graded Z|G]-module. Then
M = gM as H-graded Z|G]-modules for all g € G.

Proof. Suppose M = @,y My. Since each g € G has well-defined degree,
the map deg : G — H is a group homomorphism. Thus deg(g~!) = deg(g)~* .
Then the “multiplication-by-g” map is an isomorphism Mj — Mgeg(g)n, since the

“multiplication-by-¢g~!” map is the inverse. Then

gM = @ gM), = @ Maeg(g)n = @ My = M,

heH heH h'eH

since deg(g)H = H because H is a group. O

Consider the group homomorphism Z — R* defined by 1 — ¢ (writing Z
additively here). Define Khg(L) to be Kh(L) considered as a sequence of R*-graded
Z-modules, as in Remark [l Both Hg(f) and Khg(L) are sequences of homologies of
cochain complexes. The claim is now that Hg(f) = Khg(L){Zs(f)}, where Zs(f)
is an invariant of X-colored links f. Moreover, the isomorphism between Hg(f)
and Khg(L){Zs(f)} is actually an isomorphism of the cochain complexes they
are derived from. Since both cochain complexes are direct sums of cube diagrams,
it suffices to construct an isomorphism of cubes, by which we mean a collection of
isomorphisms from each vertex in one cube to the corresponding vertex of the other
cube such that the squares thus adjoined to each edge commute. We henceforth
construct the isomorphism of the cube used to construct Hg(f) with the cube used
to construct Khg(L), before the final writhe-correcting shift for each cube.

Starting with the cube in the construction of Hg(f), shift all of the R*-gradings
by the grading shift applied to the left-most vertex, i.e. [T, Az, y, II, B!, . This
yields a cube where the left-most vertex is a tensor power of M with no shift applied,
and each other vertex will be a tensor power of M with a shift that can be written
as a product of the elements ¢, , € R*. The maps in the cube are unchanged by
this shift, since the coefficient on a map is the quotient of the shifts on the target
and domain spaces.

For each vertex M ®k{Hg:1 a; .y, ; Of the shifted cube, the “multiplication-by-
(IT7—, ¢ "4us.4:)” map is an isomorphism ME*{[] gy, } — M®*{¢7} by Lemma[ll
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And these maps assemble into an isomorphism of cubes because each edge in the

cube is a map of the form qz_ﬂluq A or qz_ﬂluq m, and the following two squares com-

mute:

awaA ;
MO g Ty g1}

multiplication-by-
(q71QZ,w H'z=1 qilqmi Ui )

M®k{H§=1 qwi,yi}

multiplication-by-
(ngl qilqzi -,yi)

M@k{qj} A M®(k+1){qj+1}

—1
i d™ - -
MEED g o T qore}

‘/multiplication—by—

K )
M® {Hg:1 qwi,yi}

multiplication-by-
-1 j -1
(47 " qz,w Hf:l q qzi»!li)

(=1 a Y aeyw;)

M®k{qj} m M®(k—1){qj+1}

Thus we have an isomorphism from the shifted cube to a cube with only powers
of ¢ as shifts and with no coeflicients on the maps between vertices. This is almost
exactly the cube in the construction of Kh(L) (see [7] or [I]). However, ¢ may
be torsion in R*, and in this cube M is a free S-module, as opposed to a free Z-
module like in the construction of Kh(L). Let My denote the Frobenius algebra used
in the construction of Khg(L). Then M and Mz have the same basis, and so M =
@D, cc 9-Mz. It follows then that the cohomology of this cochain complex is @, 9
th( ) = Khg(L){gdim(S)}, where the isomorphism is given by identifying ¢ -
Khg(L) with Khg(L){g}.

Thus, what we truly obtain is an isomorphism between Hg(f) and Khg(L)
shifted by

H A$1—,yr H Bm,—,y,—

by gdim(S), and also by the difference in the respective writhe correction
factors. For Hg(f), this writhe correction factor is again (—1)"-w"-—"+ =
(1) (Asg.zoq 1)~ ~"+. For Khg(L), this factor is ¢"+ 2"~ (from [7]). Thus the
difference in these factors is

(71)71, (Axo)xoq—l)n,—n+q2n,—n+ _ (7 ) An,—n+ n- _— AT"+ BN-

Z0,T0 T0o,To "~ X0,%0"

Putting all of this together, we arrive at

Theorem 1. Hg(f) = Khg(L){Zs(f)}, where the shift is given by

(H AIT’yT Z0, 960) (HB wo,wo> : gdlm(S)
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Since all of the factors in the two products defining Zz(f) are invertible elements
of R, and since gdim(S) is a formal sum of all elements in G < R*, we can view
this shift as taking values in the abelian quotient group R*/G. To see that Zs(f)
is in fact the value of a biquandle 2-cocycle invariant on f; consider the map ¢z :
X x X = R*/G, defined by ¢g(z,y) = Ay AL, - G. For any z € X, we have

Z0,T0
2 p-1_ _ A2 ~1
A By =—w=A B

Z0,T0o " X0,T0"

Thus
dp(x, 1) = Ay 2 AL} ) G = BowAy h Ao oo Bey vy G =022q” -G =G

x0,T0o 0,0

and for any x,y,z € X
¢3(w,y) : ¢ﬂ(y’ Z) : ¢B($EQ»ZSQ) = A;(iwoALyAvaAﬁzyJSy -G

_ —3
= A o Ae Ay a5 0lapaysa G

Zo,To
= ¢p(x,2) - Pp(y> 2, 2> 2) - Pg(r>2,y>2),
using biquandle bracket axiom (iii). Thus ¢g is a biquandle 2-cocycle. We call ¢g
the canonical 2-cocycle associated with g.

It is clear that on positive crossings 77, the value of Zg(f) is derived from ¢g.
For negative crossings, we observe that

Agc,yA*1 B;’;Bzo,zo = q;;q € G,

Z0,To
so that By Bz, is the inverse of A,y Al . mod G. Hence Zg(f) =
HT ¢B(xTayT)€(T)7 and so

Proposition 1. Z3(f) is a biquandle 2-cocycle invariant of X -colored links f.

Since Khg(L) is also an invariant of oriented links L, this proposition (combined
with Theorem 1) shows that Hg(f) is an invariant of X-colored links f. Therefore,
we find the following.

Corollary 1. The multiset Bhg(L) of colored biquandle bracket homology values
s an invariant of oriented uncolored links L.

Remark 8. ¢g is canonical in the sense that it only depends on 3. Namely, ¢g
doesn’t depend at all on the choice of the distinguished element xy € X. Though
xo was used in the definition of G = (q;ﬂl!q cx,y € X), for any x,y,v,z € X, we
have

1

(€y @4y 20) " = ¢4 yav- € G-

Hence G = (q;_éqmz cx,y,0,z € X), and so G does not depend on zg. If yo € X,
then

G = (bﬂ (y07 yO) = Ayo»yoA;ol,zo : G’
S0 Ayy.yo - G = Augy .z - G. Hence ¢g doesn’t depend on the choice of zg.
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Remark 9. As with any biquandle 2-cocycle invariant, we can view ¢z as an
invariant of uncolored links L by letting Zz(L) denote the multiset of values Zg(f)
as f varies across all X-colorings of L. A reasonable question to ask is how the
power of Zz(L) compares with the power of the original biquandle bracket invariant
@é’; (L). In fact, the strength of these two invariants can differ quite drastically
depending on S, and in general they are incomparable.

For example, if 8 is the Jones polynomial as in example[3] then ¢g is trivial, and
so Zg(L) is the trivial invariant. In this case @i(L) is stronger than Zg(L). On the
other hand, let ¢ : X? — H be any 2-cocycle, and let 3 take values in (Z/2Z)[H]
with A, , = ¢(z,y) = By, for all z,y € X. Then ¢33 = ¢, but 6 = 0. Thus
B(f) = 0 for any X-colored link f, so @f((L) = ®% (L), the biquandle counting
invariant. Meanwhile, Zg(L) is the invariant corresponding to ¢. This is always an
enhancement of @%(L), and depending on ¢, is often a strict enhancement.

3.5. An example computation

We will compute explicitly the biquandle bracket homology of a Hopf link with a
specific biquandle bracket, and we will also compute the canonical 2-cocycle associ-
ated to this biquandle bracket. These calculations can be done by hand or with the
aid of a computer programs, such as the Mathematica packages which can be found
at vilas.us/biquandles. We will work with the following biquandle X, which has 2
elements, (which we will call a and b instead of 1 and 2 to avoid confusion with
other notation), with the following operation tables (this is the biquandle whose
operations “swap” the first argument):

> > .
a a a a
We will consider the X-bracket 5 = (A, B) which take values in R = Z[t]/(3,1+
t+t2), with the following presentation matrix (we use boldface to denote that these

elements are in the quotient ring, and for example the element 2 of R is not the
same as the integer 2).

2t ¢

2 2t|

Let g = a € X be the distinguished biquandle element, so that
q= _A;}IBa,a = _(1)_12t = -2t =t.

1 2t
1 1

One can check that the values of g, , for every other pair ,y € X is equal to either
1 or t, so the generators of the group G < R* are 17 't =t and t 't = 1. Since
t3 = 1 (by the factorization t3 — 1 = (t — 1)(1 + ¢ + t?)), we have G = {1,t,t%}.
Thus the ring S = Z[G] = Z1 & Zt & Zt* is a R*-graded ring, with deg(1) = 1,
deg(t) = t, and deg(t?) = t2. Therefore, we have

gdim(S) =1+t + t?
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which is a formal sum of the elements of the group R*, consisting of one summand
for each element of the group G. Note that gdim(S) does not equal 0, since it is
not an element of R.

Now suppose L is the Hopf link, oriented so that both crossings are nega-
tive. To calculate Bhg(L), we will invoke Theorem [I] for each X-coloring of the
L. However, for all colorings we will need to determine Khg(L), which does not
depend on the coloring. It can be easily computed with computer software that
the standard Khovanov Homology of L is the following sequence of Z-graded
Z-modules:

-2 -1 0

6| 2Z 0 0
—-41%Z 0 0
-21 0 0 Z
0] 0 0 Z

Each column is one Z-graded Z-module, and nonzero graded homology groups ap-
pear only at indices —2 and 0. The integers on the left-hand side are the Z-gradings
of the modules in the sequence. Now, using the map ¢ : Z — R* givenby 1 — ¢ = t,
we can consider this as a sequence of R*-graded Z-modules instead. Now since
t7! = t2, we have t76 = t12 = 1 = t°, we have t7* = t® = t2, and we have
t72 = t* = t. So we obtain the following sequence of R*-graded Z-modules, and
this is the value of Khg(L):

-2 -1

=
o
o O
o N Nlo

Since for each X-coloring f of L, we have Hg(f) = Khg(L){Zs(f)}, it just
remains to compute Zg(f) for each X-coloring f of L. For this, let us first compute
¢3, the canonical biquandle 2-cocycle associated with the biquandle bracket S.
Then for each coloring f we can obtain Zg(f) as the biquandle 2-cocycle invariant
associated with ¢g, computed on the coloring f.

Recall that ¢g(z,y) = Az yA,),, - G for each 2,y € X (note ¢y takes values in
the quotient R*/G). Since zp = a and A, , = 1, this means ¢g(z,y) = Ay, - G for
each z,y € X. Since 2t -G = 2 - G # G, we have the following presentation matrix

for ¢ga:

G 2-G
G G
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Now we could examine the four X-colorings of L and use the above presentation
for ¢5 to compute Zg(f) for each of them. However, this biquandle 2-cocycle is of
the form described in Example @ and the Hopf link is a link with two components.
So, since the linking number of the two components is 1, the multiset of values of
Z3(f) as f varies across all X-colorings of L is simply {G,G,2-G,2- G}. Now, to
turn these into valid shifts we will reinterpret the symbol G as gdim(S) = 1+t +t2
and thus the multiset of shifts becomes

{gdim(S), gdim(S), 2 gdim(S), 2 gdim(S)}.

Now note that

Khg(L){gdim(S)}
= Khg(L){1 +t + t*} = Khg(L){1} ® Khg(L){t} @ Khs(L){t*}
-2 -1 0 | -2 -1 0 | -2 -1 0
7 0 Z t | Z Z t2 | Z Z
"t o 0 Z @ t2 ]| 0 Z @ 1] 0 Z
t2 Z 0 0 1| Z 0 7 0
-2 -1 0
B 72 0 72
e |z2 o0 72
t2 | z2 0 272
and similarly
-2 -1 0
Khg(L){2 gdim(S)} = 2\ o0 7
s(L){2gdim(S)} = ot | 72 0 72

Thus, the value of Bhg(L), which is the multiset of Hg(f) = Khg(L){Zs(f)}, is

| -2 -1 0 -2 -1 0
112722 0 72 1|22 0 272
t |72 0 7Z2|'|t|z2 o 72
t2 | 722 0 Z7° t2 | 2z22 0 72

-2 -1 0 -2 -1 0

2 |72 0 7?2 2 |72 0 7

2t | z2 0 zZ2|'| 2t |7*> 0O 7
2t | 72 0 72 2t2 | 722 0 72
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Now, what if we take the graded Euler characteristic (element-wise) of this
invariant value? First of all,

9 _1 0
1172 0 272
X 72 0 72

t2 | 722 0 72
= (=1)73(21 + 2t + 2t%) + (—1)°(21 + 2t + 2t?)
=41+t + t?) = 4 gdim(S).

Similarly, we have

| -2 -1 0

2 |72 0 7?2

2t | 722 0 72
2t2 | 722 0 7?2

% =4(2 + 2t + 2t?) = 4- 2 gdim(S).

Thus the multiset of graded Euler characteristics is

{41+t +t2),4(1 +t +t7),4(2 + 2t + 2t2),4(2 + 2t + 2t%)}
=gdim(S)-{4-1,4-1,4-2,4-2}.

After evaluating the formal sums 4-1 and 4-2, as mentioned in remark[5l we can vi-
sually recover that the value of the biquandle bracket invariant <I>§( (L)is {1,1,2,2}.
Indeed, this is the correct value of <I>§( (L), as can be calculated separately. However,
another perfectly valid way of writing the above multiset is

gdim(S) - {4-t,4-t* 4-2t,4-2t%},

since t,t> € G, and 2t,2t?> € 2 - G. If presented with this description, one
might think that the value of the biquandle bracket invariant @f((L) is actually
{t,t2, 2t, 2t%}, which is incorrect. This demonstrates, as mentioned in Remark [7,
that we cannot consistently recover <I>§((L) from Bhg(L) in all cases by simply tak-
ing the Euler characteristic. Thus Bhg(L) is not a true categorification of <I>§((L),
at least not in the same way that Khovanov homology is a categorification of the
Jones polynomial.

4. Conclusions and Further Questions

The biquandle bracket generalizes the Jones polynomial J(L), which Khovanov
homology categorifies. Our goal was to generalize Khovanov homology to a cat-
egorification of biquandle brackets and obtain the invariant % in the following
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diagram:

*B (L) Take Euler Characteristic CI)E( (L)

Take S=[q|q "] Take S=[q|q 7]

Kh(L) J(L)

However, the top arrow in this diagram fails to hold in general with our invariant
Bhg(L):

Take Euler Characteristic

Bhg (L) Take Euler Chamcteristic> (I)g}( (L)
Take f=[q]q""] Take f=[q|q™"]

Kh(L)

Take Euler Characteristic J<L)

This opens up a few questions.

First, how does the invariant Bhg(L) compare in power to the biquandle bracket
invariant @f((L)? Specifically, we can ask how the two separate pieces, Khg(L)
(the quotient of Khovanov homology) and Zg(L) (the invariant obtained from the
canonical 2-cocycle associated to §) compare in power to @f((L).

As far as Khg(L) goes, it is simply weaker than the previously-known Kh(L).
And the invariant Zg(L) is actually easier to compute than Bhg(L). So the most
important comparison to make is between Zg(L) and @i(L). However, as seen
in remark [0 these two invariants are incomparable in general. Thus more work
remains to be done in comparing Bhg(L) with @i(L).

Second, does the invariant v exist? The construction we have outlined seems
(to the authors) to be the most natural step away from Khovanov homology toward
a categorification of biquandle brackets, but technical limitations prevent the con-
struction from truly categorifying all biquandle brackets. Is it possible, with more
advanced techniques, to create an invariant that simultaneously categorifies every
biquandle bracket and generalizes Khovanov homology?
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